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Abstract. The Virtual Element Method (VEM) emerges to address the need for a wide variety of non-regular
polygonal meshes within a computational domain. Widely used in mathematics, physics, and engineering, the
Poisson equation — a differential equation that generalizes the Laplace equation — served as one of the initial
applications for the development of the Virtual Element Method. This work proposes to evaluate the performance
of a two-dimensional VEM applied to the Poisson equation across different mesh types, using linear approximations.
The results obtained are compared with those from the Finite Element Method (FEM), serving as a reference.
The objective of this work is to assess the accuracy and convergence behavior of the method with various mesh
configurations.
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1 Introduction

The Virtual Element Method is a relatively recent numerical technique, with a limited historical trajectory
when compared to the Finite Element Method (FEM), which is widely recognized in the scientific and engineering
literature. The Virtual Element Method (VEM) was developed as a technique for solving partial differential
equations (PDEs) using a Galerkin-type approximation, while enabling the use of meshes with complex geometries.
Consequently, VEM can be regarded as a generalization of the FEM.

In the early development of the Virtual Element Method (VEM), its formulation was initially applied to the
Poisson equation, as demonstrated by works such as those of Da Veiga et al. [1, 2] . This equation continues to
serve as a benchmark for VEM implementations, including recent studies such as those of Moherdaui and Neto
[3].

This work proposes the implementation of the Virtual Element Method (VEM) for solving the Poisson
equation. Its performance is compared to the standard Finite Element Method (FEM) using a linear approximation,
which serves as a guideline for analyzing consistency and convergence.

The paper begins with a theoretical review of the VEM implementation procedure and its formulation in
comparison to the FEM. This is followed by a discussion on the convergence behavior and an analysis of the
methods’ performance across a diverse set of mesh configurations.

2 Theoretical background

2.1 The Poisson equation and its variational formulation

The Poisson equation is an elliptic partial differential equation that generalizes the Laplace equation and is
widely used in physics. It appears in various fields such as electromagnetism, gravitation, fluid mechanics, and
heat transfer. In a domain Ω, the equation takes the form:

−∇2u = f, (1)
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where u is the potential and f is the source term.

In order for the equation to be suitable for both the Finite Element Method (FEM) and the Virtual Element
Method (VEM), it must be expressed in its variational form. The variational form of the Poisson equation is given
by: find u ∈ H1(Ω) such that for all v ∈ H1

0 (Ω) :

∫
Ω

∇u∇v dΩ =

∫
Ω

fv dΩ, (2)

or

a(u, v) = L(v) (3)

The bilinear form a(u, v) is continuous and coercive, as it has a unique solution. The proofs can be found in

the works of Enabe [4] and Savarè and Chanon [5].

2.2 Numerical implementations

The implementation of the Virtual Element Method shares a procedure similar to that of the Finite Element
Method. After the variational formulation of the partial differential equation is established, both methods follow
the general steps outlined in algorithm 1.

Algorithm 1 General implementation of the Finite Element Method and Virtual Element Method

READ MESH DATA

for 1 to number of elements do
OBTAIN LOCAL STIFFNESS MATRIX
OBTAIN LOCAL LOAD VECTOR

end for
ASSEMBLE SYSTEM OF EQUATIONS
APPLY BOUNDARY CONDITIONS
SOLVE THE SYSTEM OF EQUATION

In the Virtual Element Method (VEM), the problem domain Ω is partitioned into a polytopal mesh composed
of subdomains E, termed elements. A polytopal mesh allows for elements with arbitrary polygonal or polyhedral
shapes. The diameter of the element, denoted by hE , is defined as the maximum distance between any two vertices
of the element, while its area is denoted by |E|.

As noted in Chen and Wen [6], while FEM employs shape functions that are explicit polynomials within each
element, the VEM basis functions are defined by a harmonic extension and are not explicitly known inside the
element.

Given that the VEM shape functions are not explicitly known, a key feature of the Virtual Element Method is
the use of a projection operator, ΠE,k, as highlighted by Mengolini et al. [7]. This operator maps the local VEM
shape function space, Vh(E), to a polynomial space, Pk(E), such that ΠE,k : Vh(E) → Pk(E), where k denotes
the polynomial order.

Stifness matrix for the VEM

The Virtual Element Method (VEM) defines its function space, Vh,V EM (E), in the form:

Vh,V EM (E) = {uh ∈ [H1(E)]2 : uu|e ∈ Pn(e) ∀ e ∈ ∂E,∆u ∈ Pk−2(E)}. (4)

This definition reveals some important properties:

- The solution uh is a polynomial of degree k on each edge of the element E;
- It’s globally continuous on the boundary ∂E;
- And its Laplacian, ∆uh, is a polynomial of degree k − 2.

While the Laplacian is the most natural choice for the Poisson equation, Da Veiga et al. [2] notes that the Laplacian
operator in eq. (4) can be generalized to any second-order elliptical operator.
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The degrees of freedom in the VEM are chosen to uniquely determine the solution within this space. These
degrees of freedom usually include: the values of uh at the vertices; the k − 1 internal vertices of a (k + 1)-point
Gauss-Lobatto quadrature on each edge; and its internal moments given by:

1

|E|

∫
E

vhmα, α = 1, ..., nk−2. (5)

A central component of the VEM is the use of a Ritz projection, Π∇, to connect the virtual space to a

polynomial space. This projection is an elliptic operator for the Poisson problem, defined by two conditions given
by: {

(∇(Π∇uh − uh)),∇pk)0,E = 0 ∀p ∈ PE

P0(Π
∇uh − uh) = 0

(6)

The first condition states that the gradient of the complement, (Π∇uh − uh), must be orthogonal to the gradient

of any polynomial function pk. Since this condition only holds up to a constant, a second operator, P0, is required
to ensure that the averages of the functions are equivalent.

The specific formulation of the second operator, P0, depends on the order of the polynomial approximation.
For the linear case, the operator is defined as the average of the function value at the element’s vertices Vi:

P0uh :=
1

NV

NV∑
i=1

uh(Vi), (7)

where NV is the number of vertices.

To compute the stiffness matrix in VEM, a projection of the virtual solution onto a space of explicit polynomials
is required. In the VEM literature, the use of scaled monomials is a common practice, as emphasized by Moherdaui
and Neto [3]. These monomials, given by:

mα :=

(
x− xE

hE

)α

, (8)

form a basis centered at the baricenter (xE , yE) of the element and are scaled by it’s diameter hE . The set of all

scaled monomials with degree less than or equal to k, Mk(Ω), form a basis for the polynomial space Pk(E). As
explained by Wriggers et al. [8], this formulation offers advantages in evaluating element matrices and leads to
smaller conditioning values.

The projection Π∇, is defined by the orthogonality conditions given in eq. (6). As this projection maps to a
polynomial space, it can be written in the scaled monomial basis, as:

Π∇φi =

nk∑
β=1

sβi mβ . (9)

This relationship can be expressed in matrix form as a system of equations, where the coefficient vector s

corresponds to the projected solution.
The field variable uh is defined by its degrees of freedom through the Lagrangian identity,

uh =

Ndof∑
i=1

φidofi(uh), (10)

where φi are the shape functions and dofi(uh) are the degrees of freedom.

By adopting the scaled monomials as the weight function and applying them to the orthogonality relation of
the gradients from eq. (6):

nk∑
β=1

sβi (∇mα,∇mβ)0,E = (∇mα,∇φi)0,E . (11)
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By solving a system for s, the projection operator Π∇
∗ is defined in terms of the Gram matrix G of the scaled

monomials and the projection matrix B, as:

sG = B ⇒ s = Π∇
∗ = G−1B. (12)

The matrix B is computated by applying the divergence theorem to the integral. This separates the integral

into a boundary term and a domain term, as:

B = (∇mα,∇φi)0,E = −
∫
E

∆mαφi +

∫
∂E

∂mα

∂n
φi. (13)

For a linear approximation, the domain term is null and the boundary term can be evaluated using the Gauss-

Lobatto quadrature. Since the shape functions are defined as the canonical basis functions, with the property
dofi(φj) = δi,j , this simplifies the matrix B to the form:

Bβ,i =


1

NV ... 1
NV

|ê1|
2 nê1 · ∇mβ ...

| ˆeNV |
2 n ˆeNV

· ∇mβ

|ê1|
2 nê1 · ∇mβ ...

| ˆeNV |
2 n ˆeNV

· ∇mβ

 , (14)

where êi is the line segment between the vertices Vi+1 and Vi−1 and nêi is its normal vector.

The projector Π∇
∗ operates on the polynomial basis. To transform it into the canonical base, a matrix D is

constructed, where Diα = dofi(mα). The final projector in the canonical basis is given by:

Π∇ = DΠ∇
∗ . (15)

There is no need to explicitly compute the Gram matrix G through numerical integration. In the work of Da

Veiga et al. [1], the authors prove an identity that simplifies the calculation of the Gram matrix G in the form:

G = BD. (16)

As highlighted by Manzini [9], any virtual element function can be decomposed into a polynomial part,

Π∗
k(Vh(E)), and a non-polynomial part (I − Π∗

k)(Vh(E)). This decomposition of the shape function φi is given
by:

φi = Π∇(φi) + (I −Π∇)φi. (17)

By substituting eq. (17) into the bilinear form a(u, v) from eq. (2), the local stiffness matrix Kij,V EM is

composed of two distinct terms: a consistency and a stability term, in the form:

Kij,V EM = (∇Π∇φi,∇Π∇φj)0,E + (∇(I −Π∇)φi,∇(I −Π∇)φj)0,E . (18)

The consistency term ensures that the method’s behavior is accurate for polynomial solutions. This term can

be computed using the Gram matrix G and the projector Π∇
∗ as:

(∇Π∇φi,∇Π∇φj)0,E = Π∇
∗ G̃Π∇

∗ , (19)

where G̃ is the G matrix with its first row replaced by zeros.

The stability term ensures the method’s well-posedness, even for highly distorted elements. Da Veiga et al.
[2], suggest a simple but effective approximation for this term, given by:

Ndof∑
r=1

dofr((I −Π∇)φi))dofr((I −Π∇)φj) = (I −Π∇)T (I −Π∇). (20)

By combining these two terms, the final formulation for the VEM stiffness matrix is obtained by:

Kij,V EM = Π∇
∗ G̃Π∇

∗ + (I −Π∇)T (I −Π∇). (21)
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Local force vector

The local force vector, which represents the right-hand side of the variational problem, is a crucial component
for both the Finite Element and Virtual Element methods.

For the Finite Element Method, the test function v on the right side of eq. (3) assumes the value of the shape
function, φ. The resulting integral for a given element E, is:

FE =

∫
E

f(x, y)φ(x, y)dE, (22)

and can typically be evaluated using a simple one-point quadrature rule.

For the Virtual Element Method, a simplified approach is often used for linear cases. As presented by Sutton
[10], the integral for the force vector can be approximated by a term that depends on the value of the source
function at the element’s centroid. This is represented by:

F j
E =

1

|E|

∫
E

φ̄E
j Π

E
0 fdx ≈ 1

|E|

∫
E

f(xE , yE)

NV
dx =

|E|
NV

f(xE , yE), (23)

where NV is the number of vertices of the element.

This is a common and practical simplification. A similar approach to that of Sutton [10] can be seen in the
work of Chen and Wen [6], which demonstrates a consistent strategy for handling the local force vector in linear
VEM implementations.

3 Methodology

This work employs a Fortran code that implements the Virtual Element Method (VEM) for the Poisson
equation. For comparison, the code also includes a standard Finite Element Method (FEM) using both linear
triangle and isoparametric rectangular formulations, with two-point quadrature in each direction, as detailed in
Rao [11]. Both VEM and FEM are based on linear approximations for this study.

The performance of both methods is evaluated by comparing their results across different mesh patterns
through the computation of the L2 error. The procedures used to calculate this error are based on the work of
Cangiani et al. [12].

The computational domain for this study is a unit square, denoted as Ω = [0, 1] × [0, 1]. Even though
the Virtual Element Method (VEM) allows for elements of arbitrary shape, the Finite Element Method presents
restrictions regarding the shape of the elements, therefore, for comparison purposes, only meshes with triangular
and quadrilateral elements are considered for both methods, and several levels of mesh refinement are tested. The
mesh patterns used for comparison, as depicted in Fig. 1 and Fig. 2, were generated using GMSH, which employs
a Delaunay triangulation algorithm.

Delaunay triangulations are particularly well-suited for discretizing domains with complex geometries and
generating unstructured meshes. This characteristic is crucial for a robust comparison between the Finite Element
Method (FEM) and the Virtual Element Method (VEM), as it allows for an impartial assessment of their performance
on non-standard and general polygonal elements, a context in which VEM is specifically designed to perform
effectively.

Figure 1. Triangular element meshes for the different refinement levels considered in the analysis. The total
number of elements for each mesh is 26, 120, 296, and 544, respectively.
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Figure 2. Quadrilateral element meshes for the different refinement levels considered in the analysis. The total
number of elements for each mesh is 21, 78, 173, and 299, respectively.

The problem under analysis consists of the Poisson equation with homogeneous Dirichlet boundary conditions,
(u = 0 on ∂Ω), subjected to a source term:

f(x, y) = 2π2 sin(πx) sin(πy), (24)

with analytical solution given by:

u(x, y) = sin(πx) sin(πy) (25)

All routines, assembly, and application of boundary conditions - except for the mesh generation - have been

implemented by the authors for control and reproducibility of the analyses.

4 Results

This section presents the numerical results obtained from the implementation of both the Finite Element
Method (FEM) and the Virtual Element Method (VEM). A convergence study was performed to assess the accuracy
and behavior of the methods. Table 1 summarizes the computed L2 errors for each method at various mesh sizes.
These results are visually represented in Fig. 3a and Fig. 3b, which illustrates the convergence of the solutions
towards the analytical solution as the mesh is progressively refined.

Table 1. L2 error values for each method across various mesh refinement levels.

h FEM Tri. VEM Tri. FEM Quad. VEM Quad.

2.5000E−1 5.4936E−2 9.6309E−2 1.6779E−1 3.1513E−1

1.2500E−1 1.1662E−2 2.0415E−2 3.0310E−2 1.9652E−2

8.3333E−2 4.7188E−3 8.2574E−3 1.4320E−2 8.7092E−3

6.2500E−2 2.5654E−3 4.4887E−3 2.3704E−2 5.4982E−3

(a) Triangular element meshes. (b) Structured and unstructured quadrilateral meshes.

Figure 3. Analysis of the convergence rate of the L2 error for the implemented methods.
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5 Conclusions

Analyzing the results obtained from the implementation, it can be observed that both the Finite Element
Method (FEM) and the Virtual Element Method (VEM) demonstrate a consistent convergence rate as the element
size decreases, resulting in a gradual decrease of the error. For this specific Poisson problem with triangular
elements, the linear FEM solution exhibited a smaller y-intercept, as shown in Fig. 3a, indicating slightly better
accuracy.

However, the convergence behavior of the two methods is different with mesh refinement for unstructured
meshes with quadrilateral elements. Fig. 3b highlights that the VEM implementation initially presents a greater
error than the FEM but has a more accentuated convergence rate. As the mesh is refined, the VEM’s L2 error,
while initially larger for the 21-element quadrilateral mesh, becomes smaller than that of the FEM.

A crucial observation in the FEM with the most refined quadrilateral mesh is that the L2 error not only does
not decrease but actually begins to increase (Fig. 3b). This behavior, which did not occur in the FEM when using
a structured mesh, requires further study.

When comparing the results obtained for structured and unstructured meshes with quadrilateral elements
(Fig. 3b), it is observed that the accuracy achieved by the FEM was highly dependent on the degree of mesh
distortion, a characteristic not observed in the VEM for the more refined meshes. The superior performance of
the VEM over the unstructured quadrilateral meshes can be attributed to it’s capacity to handle elements of any
polygonal shape.
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