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Abstract. The boundary element method is one of the main numerical methods used to solve transient heat transfer problems. If a simpler fundamental solution is used, the solution is advanced in time by direct integration schemes based on the first-order finite difference model, normally used with the finite element method. The results obtained with this methodology are satisfactory, but some numerical difficulties are observed in cases where only exclusive Dirichlet conditions are present and also in the calculation of heat fluxes, which are determined directly with the Boundary Element method, due to its mixed formulation. In this work, due to the greater sensitivity of the two-dimensional problems mentioned, two new time-marching schemes are tested: a variation of the well-known Crank-Nicolson scheme and the Houlbolt scheme. It is expected that such schemes accurately represent the numerical response of fluxes and temperatures along the time, expanding the range of integration steps suitable for obtaining stable responses, with lower computational cost.
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Introduction
The Direct Interpolation Boundary Element Method (DIBEM) [1] formulation has proven to be an effective tool for enabling the agile solution of problems in which the differential operators that compose the governing partial differential equation are not self-adjoint. In the early days of BEM, the adoption of cells was the most common strategy for solving such integrals, which led to domain integration, usually solved similarly to the Finite Element Method. Further, with the emergence of Dual Reciprocity Technique (DRBEM) [2], solution of domain integrals involving unknowns can be replaced by simply introducing interior points, limiting integrations exclusively to the boundary. However, DRBEM has some limitations regarding accuracy what motivates the improvement of DIBEM, which has proven to be more robust, general, and accurate, having been successfully applied to solve a wide variety of scalar field problems over the past ten years.
On the other hand, the problem of transient heat transfer by conduction is a fairly common problem and, therefore, of great importance in various engineering sectors, such as heat exchangers, electrical conductors, and nuclear reactors.
Mathematically, transient thermal diffusion is represented by a parabolic partial differential equation, which describes a slow energy transmission process, but in which an action applied at a distance is already felt throughout the domain, albeit to a limited extent-that is, it does not obey the causality condition. Despite their significant peculiarities, problems involving thermal impact and large temperature gradients may require a certain degree of robustness from numerical solution schemes.
Regarding the numerical simulation of thermal transients, a key concern is the stability of the algorithm when there are significant temperature discrepancies between the initial and final states. Other factors also cause instability, such as the exclusive imposition of temperatures in the model, variations in the prescribed thermal load throughout the process, and extreme diffusivity values. All these factors pose difficulties for computational simulation and have been extensively discussed in specialized literature, especially regarding using the Finite Difference Method with time marching scheme [3].
For transient heat transfer problems, incremental finite difference time-advance scheme has been widely used in the main methods based on the idea of domain discretization, such as the Finite Element Method, Finite Volume Method, and also Boundary Element Method. It can be observed that the behavior of these algorithms is quite overwhelming and straightforward. However, many of the projections and postulations of stability criteria were based on matrix systems of equations generated by the Finite Difference Method.
As already mentioned, in transient heat problems, the energy flow generated during the process tends to stabilize, and in linear thermal problems consisting solely of heat conduction, they generally present a well-behaved response. For this reason, a few alternatives for temporal discretization are presented. However, numerical instability problems exist and, unfortunately, are not well considered in the more flexible BEM formulations, which employ time-independent fundamental solutions, such as DRBEM and the DIBEM. Recent work in this area using DIBEM has demonstrated that the stability range of the finite difference scheme is not as wide, especially when solving less straightforward problems. Thus, in this work, we apply the DIBEM formulation in transient homogeneous thermal diffusion problems, and compare the performances using the classical finite difference scheme and the Houbolt scheme for time advancement, verifying whether the use of the latter, successful in dynamics applications with the BEM, can also be an advantageous option solving transient thermal problems.
Integral Formulation
The governing integral equation concerning the transient heat conduction is given by:
	 
	(1)


In eq. (1), the function  represents the quotient between the diffusivity and the heat capacity. The so-called strong integral form [4] is obtained by multiplying the governing equation, represented by Eq. (3), by an auxiliary function, followed by integration over the physical domain. This auxiliary function is the fundamental stationary solution, that represents the solution to a well-known Poisson’s problem [5], defined in an infinite domain in which the action is concentrated at a specific point, using the Dirac delta function. Therefore, applying the integration by parts technique and then the Divergence Theorem [6] to the term on the left-hand side of eq. (1), we obtain:
	 
	(2)


In eq. (2), the coefficient  is defined as a term that depends on the position of the source point  relative to the physical domain of the problem [4]. The function  represents the potential, while  corresponds to its normal derivative. Conversely,  is the fundamental solution of the Poisson problem, and  is the respective normal directional derivative. These functions are expressed, respectively, by:
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In eq. (3) and eq. (4), the variable  represents the Euclidean distance between the source point and the field point, and  is the outward normal to the boundary . It is important to note that, on the boundary of the problem, conditions are imposed that define the temperature behavior, known as Dirichlet conditions, and conditions that specify the behavior of the flow, known as Neumann conditions [7].
Direct Interpolation Technique
In eq. (2), there is a domain integral with a non-self-adjoint kernel, related to the thermal inertia of the system, which must be transformed into a boundary. To achieve this, the Direct Interpolation (DIBEM) procedure is used, using an approximation technique based on radial basis functions, which consists of interpolating the entire kernel of the integrals of [1, 8]. This interpolation is performed through a linear combination of radial functions, as described below:
	
	(5)


In this work, the simulations performed used thin-plate radial functions [9]. Continuing, in DIBEM, the domain integral is converted to a boundary integral using a primitive function  related to . In this context, the kernel of the integral cannot be treated directly as presented in eq. (5), since it involves a fundamental solution, which allows the source point to coincide with the field points, a typical feature of BEM formulations. Given this particularity, it becomes necessary to adopt a regularization procedure [10], namely:
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Then, eq. (6) must be rewritten as:
	
	(7)


This eliminates the singularity resulting from the coincidence between the positions of the source point and the field point. It should be noted that the term of the domain integral is converted to a boundary integral using a primitive function, as described in eq. (8).
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Furthermore, the additional domain term introduced as a result of the regularization procedure - also requires a specific algebraic treatment, which consists of applying the Galerkin’s tensor  concept: 
	 
	(9)


In eq. (16), in the case of the derivative term of the potential,  are coefficients to be determined, corresponding to the interpolation function. Note that such a statement guarantees the basis of the BEM philosophy, where, from a discovery with a domain integral term, its inverse integral form is reached.
Matrix Procedures
By applying the usual BEM discretization procedures, in which the source points are defined from the combination of the internal values and the boundary nodal points, the matrix system described in eq. (10) is obtained. More in-depth discussions on this development can be found in the specialized literature [11].
	 
	(10)


In eq. (10), the vector  results of the integration of auxiliary interpolation function . The vector corresponds to the discrete form of the excess integral of the Galerkin Tensor originated by the regularization procedure, as defined in eq. (11):
	 
	(11)


The diagonal matrix  is comprised by:
	 
	(12)


Returning to eq. (10), the coefficient  represents the unknowns of the system. Thus, it is necessary to explain the time potential derivative , using interpolation with radial basis functions. Based on the expression commonly used for the interpolation of a function with a single independent argument, we have:
	 
	(13)


Eq. (13) can be generalized by considering that the interpolation includes the fundamental solutions, which are functions of the source point:
	 
	(14)


In eq. (14)  is comprised by values of the fundamental solution. For each source point  the right-hand-side of eq. (14) can be rewritten as:
	 
	(15)


Also, the left hand-side of eq. (15) can be written using the vector , so that each line of this vector is calculated as shown below: 
	 
	(16)


Using the arguments given by eqs. (10) and (16), after some algebra, the matrices related to thermal inertia can be constructed in the form:
	 
	(17)


The final matrix system can be expressed as shown in eq. (18):
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Time Discretization 
To this point, spatial discretization has been performed using the Direct Interpolation (DIBEM) procedure. Because the application involves transient heat transfer problems, it is necessary to treat the time derivative of the potential using temporal discretization techniques, which ensure the accuracy, stability, and efficiency of numerical solutions. Most incremental time-advancement schemes described in the literature are based on domain discretization principles employed in the Finite Difference Method (FDM). However, the experience gained with the FDM cannot be fully applied to the Boundary Element Method (BEM), since the latter is not a domain method and presents specific characteristics [4]. Although thermal processes exhibit smoother behavior compared to hyperbolic processes, situations involving thermal impact, high temperature gradients, flow calculations, or unique Dirichlet conditions may require greater robustness in the numerical scheme used in modeling. Considering first-order derivatives, the most suitable time-advance scheme for DIBEM is the explicit finite-difference method. Thus, the equilibrium matrix formulation, corresponding to the current instant t is given by:
	 
	(19)


 Thermal diffusivity plays a fundamental role in determining the compatibility of the integration step, constituting a crucial parameter for preventing numerical errors and instabilities in the discrete matrix system. This relationship can be deduced from eq. (20):
	 
	(20)


Therefore, using the argument of eq. (20) and updating it in eq. (19), we obtain Eq. (21):
	 
	(21)


The approach typically employed with BEM is to estimate the appropriate time step based on an adaptation of the Courant-Friedrichs-Lewy (CFL) classifications, considering the mesh configurations. However, recent studies (Ronaldo's work) have shown that it is not only necessary to read the strategies for choosing the integration step, but also to reevaluate the exclusivity of using the finite difference model to approximate velocities. This is because in dynamics, the Houbolt Integration Method has proven to be more suitable due to its robustness and superior stability than other schemes. However, there is no news of its application to thermal transient problems.
The Houbolt scheme resembles the central difference method, in which expressions derived from finite differences can be used to approximate the components of the time derivative of potential  as a function of the potentials in present and previous instants. In this context, the derivatives in the proposed differential government are approximated using a truncated Taylor series expansion [12].  Generally, Houbolt's method is based on third-order derivative approximations [13]. Considering that this cubic curve takes the final ordinate as its basis , the Taylor Series expansion, given by regressive finite diferences, allows a great number of possibilities of approximation solutions.  The derivation of the Houbolt model is laborious, but it can be found in some references. In the end, for time derivative of first order one has: 
	 
	(22)


Its application in the DIBEM model involves:
	 
	(23)


Values relative to lagged values appears, which can initially be taken as zero if the initial conditions are the first. Regarding the initial choice of the integration step, many experimental simulations performed but not yet published indicate an empirical reformulation of the previous equation, as follows:
	 
	(24)


In eq. (24),  is the length of the smallest boundary element, and  depends on the boundary conditions type.
Numerical Examples
First example: Plate subjected to instantaneous one-dimensional flow
The first example is a square plate with unitary sides and unitary diffusivity, isolated at the horizontal edges and subjected to a constant and instantaneous heat flow. It is assumed that the initial temperature is zero inside the domain. Fig. 1 demonstrates this example, and the analytical solution to the problem is provided by eq. (25).
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Figure 1. Boundary conditions applied to the square plate.
	 
	(25)


Temperature values are obtained at the center of the right vertical line (i.e., at point ), where the normal derivative is imposed. A simple mesh with 80 linear boundary elements and 25 internal poles is used, considering a time step  equal to 0,1s indicated by criteria given by eq. (25). Results for both models are similar, they converge so close to the stationary value, but the finite difference results show a smooth better agreement with the analytical solution, as illustrated in Fig. 2(a).

	(a)
	
	(b)


Figure 2. Transient response using a mesh with 80 BE and 25 poles, with (a)  and (b) 
In a second test, the same mesh is used to simulate the transient response using a smaller time step, aiming to assess the robustness of the Finite Difference and Houbolt schemes concerning stability. In many problems with higher complexity, it is necessary to use smaller time steps to obtain more accurate results. Certain thermal problems also have a short transient state, requiring small time increments for a more accurate representation. As mentioned, BEM formulations present issues related to the use of such short time steps. Thus, Fig. 2(b) presents the temporal response using a time step of 0.02 seconds. It can be seen that the finite difference scheme presents an adequate numerical response, while the Houbolt results show instability throughout the transient interval. The same behavior was observed with finer meshes, demonstrating that the finite difference scheme is more robust in terms of stability.
Second example: Square sheet as a transient Dirichlet problem
The Dirichlet problem is a stationary case in which all boundary conditions involve the imposition of temperatures. In formulations with continuous elements of the BEM, these cases present significant errors at the corners, especially when compared to problems where temperature and flow conditions coexist along the boundary. Such inaccuracies, which can be resolved with discontinuous elements, create numerical difficulties that affect stability in transient cases. It should be noted that the BEM technique with displaced sources is being used to avoid singularities at the corners, since only Dirichlet conditions are applied. For this reason, the use of a refined mesh is highly recommended, as corner errors are considerably significant with the increase in the number of nodes in the mesh. The use of interpolating internal points or sub-regions is necessary. In this work, the chosen example presents the following imposed boundary conditions, shown in Fig. 3(a):
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	(a)
	
	(b)


Figure 3. (a) Square sheet with unitary sides subjected only to Dirichlet conditions, and (b) Potential response at the central point of a mesh with 160 BE and 144 poles using a time step of 0.02s.
In Fig. 3(a),  and  represent the functions  and  respectively, for  and . The . The initial condition inside is considered null and thus the analytical solution of the problem is given by:
	 
	(26)


Regarding the temperature solution in a central point inside the domain, a mesh with 160 boundary elements and 144 poles offers good agreement with the analytical solution for Finite Difference time integration scheme using a time steps superior of 30s. However, the Houbolt scheme does not produce stable solutions to time steps smaller than 60s, as shown in Fig. 3(b). Even more critical and surprising, the results for tractions cannot be achieved using the Houbolt scheme using any time step, despite the results being reasonable for internal potentials.
Conclusions
The Houbolt scheme has proven to be the most effective option for solving dynamics problems using BEM formulations that employ time-independent fundamental solutions, as it has a high amount of fictitious damping, which naturally filters the action of large spurious modes in the response. The effect of such numerical damping can be mitigated by reducing the integration step, a common approach to improve the solution response in more complex problems, despite the higher computational cost.
In thermal problems, it was expected that, since, in many cases, the transient thermal response resembles the response of a damped elastic system, the Houbolt scheme would offer more accurate answers than the numerical solutions provided by the Finite Difference scheme. Although the latter offers good-quality solutions, it still suffers from the same limitations as BEM marching schemes in dynamics, where the use of very restricted steps necessarily requires a refinement of the boundary mesh and the introduction of poles in the interior. However, the initial experiments presented here indicated that the Houbolt scheme is less efficient than the Finite Difference scheme. Its stability range is smaller, and the representation of short transients is not explicitly described with the Houbolt scheme, since its model requires knowledge of two previous instants, which are commonly assumed to be zero, to initiate the walking process. However, the most serious issue is its poor performance in solving Dirichlet problems, which are known to be much more challenging to solve numerically. For these problems, the Houbolt model, using simpler meshes, although solving the internal potentials, was deficient in accurately reproducing solutions for the normal derivatives at the boundary.
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