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Abstract. Thin-walled structures are part of many engineering applications, as wind turbine blades, pressure
vessels and sheet metal products. A thin-walled structure is characterized by one significantly smaller dimension
compared to the others. To numerically support the designing process of such industrial structures, a robust and
efficient approximation algorithm is required. This work aims to examine the behavior of a nonlinear formulation
for shell models using an efficient triangular shell element. Thereby, the proposed displacement-based triangular
shell element, which comprises six nodes, has a compatible linear interpolation scheme for displacements and
a non-conforming linear rotation field, resulting in a very efficient finite element formulation. This particular
formulation is based on Reissner-Mindlin kinematic assumptions and an initial plane reference configuration for the
shell. The proposed formulation also accounts for finite strains, large displacements, and rotations. Additionally,
the rotation field has been re-parameterized using the Rodrigues rotation parameters, facilitating an efficient update
of the rotational field in comparison to the classical Euler rotation vector.

Keywords: Nonlinear Shell Formulation, Rodrigues Rotation Parameters, Triangular Elements, Thin-Walled
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1 Introduction

In solid mechanics, shell elements are classified by the associated kinematic model. A significant group of elements
are based on the Reissner-Mindlin hypotheses. Reissner [1]] and Mindlin [2]] both developed structural models for
moderately thick plates that incorporated transverse shear and allowed for distortion of the cross-sections. These
models also allowed for the fact that, although the cross-sections were flat, they do not remain orthogonal to their
deformed mid-surface, similar to the assumptions in the Timoshenko beam theory. In Mindlin’s formulation, this
leads to a uniform shear distribution through the plate thickness, necessitating a shear correction factor to adjust the
stress field to satisfy natural boundary conditions. The shell model developed by Campello [3], known as T6-3i,
is based on the Reissner-Mindlin structural theory. It is geometrically exact and applicable for large deformations.
This element explicitly handles finite rotations using the Euler-Rodrigues tensor, ensuring that the cross-sections
are accurately represented. It is also referred to as shear flexible element, as it is capable of handling shear strain
within their kinematic description. The kinematic assumptions underlying this model are adapted in the develop-
ment of the shell element proposed in this work. One of the major challenges in developing geometrically exact
shell theories has been the consistent description of finite rotations. Argyris established in [4] a milestone in this
approach, but there were still leaving open questions. To address this, various parameterizations were developed,
most notably the models based on the rotation vector and the Euler-Rodrigues tensor [3] and the model of the
first consistent linearization of this parameterization developed by Pimenta and Yojo [S]]. Shells models incorpo-
rating the Rodrigues rotations vector as parametrization of the rotational field is provided in [6]]. The rotation is
described as consecutive updates using incremental parameters. In the context of shell structures, nonconform-
ing elements are particularly useful for modeling geometric discontinuities such as holes, gaps, or intersecting
surfaces, situations where conforming elements may struggle to provide accurate representations. Triangular ele-
ments are especially advantageous in nonconforming or irregular meshes, offering flexibility in handling complex
geometries. Therefore, this work deals with a nonlinear formulation for shells using a nonconforming triangular
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shell element. The formulation is based on the Reissner—Mindlin kinematic assumptions and an initial planar ref-
erence configuration. Furthermore, a re-parameterization of the rotation field is introduced using the Rodrigues
rotation vector [9} [10]. The rotational variables are updated through an efficient incremental scheme employing
the Rodrigues expression for superposed rotations (see [4} [L1]).

2 Shell Kinematics and Finite Element Formulation

This section briefly presents the kinematic assumptions and finite element formulation adopted for the shell ele-
ment developed in this work. The approach is grounded in a geometrically nonlinear framework, where the shell
behavior is described relative to its initial reference configuration, oriented by a director vector.

The shell element formulation is based on a kinematic description relative to the initial reference configuration. In
this configuration, the discretization is defined with respect to the shell’s middle surface, which is assumed to be
planar. An orthonormal basis system {e], e}, e}} is introduced, where €] and €}, lie on the reference mid-surface
and €} is normal to it. In the current configuration, the shell is described by a local orthonormal basis {e1, ez, e3}.
The director vectors in both configuration are defined as

a"=(¢e; and a=Qa", €))

where ¢ denotes the position vector of a point on the reference mid-surface, and the director vector at the current
configuration evolves according to the rotation tensor Q. This formulation assumes that the director remains
undeformed during shell motion, undergoing only rigid-body rotation. Thickness changes are neglected, and first-
order shear deformations are accounted for, in accordance with the classical Reissner-Mindlin hypothesis [1} 2].
Consequently, the degrees of freedom in the shell model consist of the displacement components of points on the
reference mid-surface and the components of the rotation vector, all expressed in the global Cartesian coordinate
system. To describe the rotation tensor Q, the Rodrigues parametrization is adopted, following the works of
Pimenta et al. [6,|9]. In this approach, the rotation vector « is defined as

0
o = e where a:2tan§ with 0<0 <, 2)

where @ = ||a|| and 0 is the rotation angle. The rotation tensor is then expressed in terms of the skew-symmetric
matrix A = skew(a) as

4
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(A + ;A2> with A = skew(a). (3)

This parametrization offers computational efficiency due to its compact representation. However, it introduces
singularities near § = 7, which are circumvented by implementing the rotation update in incremental steps. It is
important to note that this incremental scheme is specific to the Rodrigues parametrization and is not applicable to
Euler parametrization. The strain measures in the shell are defined with respect to the deformation gradient at the
reference configuration, while the stress measures are based on the first Piola-Kirchhoff stress tensor, this tensors
are energetically conjugate. The local equilibrium of the shell, including essential boundary conditions, is derived
in the weak form using the principle of virtual work, which serves as the foundation for the finite element imple-
mentation. To enhance the constitutive modeling, a slight modification of the deformation gradient is introduced
to allow transverse (through-the-thickness) strains. Specifically, the strain component 33 is incorporated as an
additional degree of freedom. This component is subsequently eliminated at the constitutive level by enforcing
a plane-stress condition, thereby maintaining the physical consistency of the shell formulation. A neo-Hookean
material model is adopted in this study, for which the specific energy function is analytically derived. This choice
provides a robust and efficient framework for capturing nonlinear material behavior.

3 Numerical Example

In this work, we consider a new triangular shell element with six nodes that is planar in the reference configuration.
The element features three nodes with displacement degrees-of-freedom positioned at the vertices, and three nodes
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with rotational degrees-of-freedom located at the mid-side positions. The interpolation scheme employed is linear
for both displacement and rotation fields.

The proposed element is applied to test beam bending under large displacements and rotations. The cantilever
beam used in the analysis has a square cross-section with dimensions b =h = 0.1 m, a length L = 1 m, and material
properties E = 107 Pa and v = 0.3. A concentrated point load of F = 1000 N is applied at the center of the beam’s
free end in two distinct directions: (a) along the beam’s plane to induce in-plane bending, and (b) along the plane
of the beam’s thickness to simulate out-of-plane bending, as proposed by [3l 12H14] ( see Fig[I(a)).
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Figure 1. Geometry and boundary conditions of the cantilever beam used in the simulations and load—displacement
curve and deformed mesh configurations. The top left image illustrates the beam configuration, while the bottom
left shows de deformed configuration for the load of F = 1000 N in two loading scenarios: (a) in-plane load
direction and (b) out-of-plane load direction. The right image shows the lines correspond specifically to the T3-3i
element and the open markers correspond to the T6-3iR element.

The resulting load-deflection curves of the T3-3i element are presented in Fig. [T|correspond to the converged results
for both loading scenarios, the in-plane direction, capturing membrane behavior, and the out-of-plane direction,
illustrating plate bending behavior. For comparative purposes, the figures also include solutions from the T6-3iR
element, a modified version of T6-3i element presented in [3]], designated here as T6-3iR (Rodrigues based). Also,
this version incorporates the same incremental Rodrigues rotation formulation used for the T3-3i element. As
illustrated in Fig. [T} under in-plane loading, a comparison between the converged results of the T3-3i and T6-3i
(Rodrigues based) elements revealed similar results. Regarding the converged results for the out-of-plane load,
the T3-3i and T6-3i (Rodrigues based) elements displayed identical behavior, confirming the consistency of the
formulation.

4 Conclusions

In this work, the applicability of the proposed element is demonstrated through numerical examples that highlight
its promising results. Given its linear interpolation and six degrees of freedom (DOFs), the element proves capable
of undergoing large displacements and rotations, capturing both membrane and plate behavior.

Acknowledgements. Cinthia A. G. Sousa gratefully acknowledges that this study was financed in part by the
Coordenagdo de Aperfeicoamento de Pessoal de Nivel Superior - Brasil (CAPES) - Finance Code 001, by the
National Council for Scientific and Technological Development (CNPq), Brazil and by the Institute of Mechanics
at the University of Duisburg-Essen, Germany.

Authorship statement. The authors hereby confirm that they are the sole liable persons responsible for the au-
thorship of this work, and that all material that has been herein included as part of the present paper is either the
property (and authorship) of the authors, or has the permission of the owners to be included here.

CILAMCE-2025
Proceedings of the XLVI Ibero-Latin-American Congress on Computational Methods in Engineering, ABMEC
Vitoria, Brazil, November 24-27, 2025



Template for CILAMCE-2025 extended abstract (An Efficient Nonlinear Triangular Shell Formulation )

References

[1] E. Reissner. The effect of transverse shear deformation on the bending of elastic plates. Journal of Applied
Mechanics, 12(2): A69-A77,1945.D0i:10.1115/1.4009435.

[2] R.D. Mindlin, Influence of Rotatory Inertia and Shear on Flexural Motions of Isotropic, Elastic Plates. Journal
of Applied Mechanics, 18(1): 31-38, 1951. D0i:(10.1115/1.4010217.

[3] E. M. B. Campello, P. M. Pimenta and P. Wriggers, A triangular finite shell element based on a fully nonlinear
shell formulation. Computational Mechanics, 31: 85-155, 2003. D0i:10.1007/s00466-003-0458-8.

[4] J. H. Argyris. An excursion into large rotations. Computer Methods in Applied Mechanics and Engineering,
32, 85-155, 1982. D0i:10.1016/0045-7825 (82) 90069-X.

[5] P. M. Pimenta and T. Yojo. Geometrically exact analysis of spatial frames. Applied Mechanics Reviews, 46:
S118-S128,1993. D0i:10.1115/1.3122626/

[6] P. M. Pimenta, E. M. B. Campello and P. Wriggers. An exact conserving algorithm for nonlinear dynamics
with rotational DOFs and general hyperelasticity. Part 1: Rods. Computational Mechanics, 42: 715-732, 2008.
Doi:|10.1007/s00466-008-0271-5.

[71 W. Wagner and F. Gruttmann. An improved quadrilateral shell element based on the Hu-Washizu func-
tional. Advanced Modeling and Simulation in Engineering Sciences, 7: 28, 2020. Doi: 10.1186/
5s40323-020-00162-5.

[8] F. Gruttmann and W. Wagner,A nonlinear 4-node shell element with one point quadrature and stabi-
lization based on a Hu—Washizu variational formulation. Computational Mechanics, 2025. Doii10.1007/
s00466-025-02616-2.

[9] E. M. B. Campello, P. M. Pimenta and P. Wriggers. An exact conserving algorithm for nonlinear dynamics
with rotational DOFs and general hyperelasticity. Part 2: Shells. Computational Mechanics, 48: 195-211, 2011.
Do0i:10.1007/s00466-011-0584-7.

[10] C.C. Silva, S. F. Maassen, P. M. Pimenta and J. Schroder. On the simultaneous use of simple geometrically
exact shear-rigid rod and shell finite elements. Computational Mechanics, 67(2): 1-15, 2021. Doi: |10.1007/
s00466-020-01967-2|

[11] O. Rodrigues. Des lois géométriques qui régissent les déplacements d’un systeme solid dans 1’espace, et de
la variation des coordonnées provenant de ces déplacements considérés indépendamment des causes qui peuvent
les produire. Journal de Mathématiques Pures et Appliquées, 5: 380-440, 1840. url: http://eudml.org/
doc/234443\

[12] P. Wriggers and F. Gruttmann. Thin shells with finite rotations formulated in Biot stresses: theory and finite
element formultation. International Journal for Numerical Methods in Engineering, 36: 2049-2071, 1993. Doi:
10.1002/NME.1620361207.

[13] M. L. Sanchez, P. M. Pimenta and A. Ibrahimbegovic. A simple geometrically exact finite ele-
ment for thin shells—Part 1: statics. Computational Mechanics, 72(6): 1-21, 2023. Doi: |10.1007/
s00466-023-02339-2.

[14] J. C. Simo, D. D. Fox and M. S. Rifai. On a stress resultant geometrically exact shell model. Part III: Compu-
tational aspects of the nonlinear theory. Computer Methods in Applied Mechanics and Engineering, 719: 21-70,
1990. Doi: 10.1016/0045-7825(90) 90094-3.

CILAMCE-2025
Proceedings of the XLVI Ibero-Latin-American Congress on Computational Methods in Engineering, ABMEC
Vitéria, Brazil, November 24-27, 2025


10.1115/1.4009435
10.1115/1.4010217
10.1007/s00466-003-0458-8
10.1016/0045-7825(82)90069-X
10.1115/1.3122626
10.1007/s00466-008-0271-5
10.1186/s40323-020-00162-5
10.1186/s40323-020-00162-5
10.1007/s00466-025-02616-2
10.1007/s00466-025-02616-2
10.1007/s00466-011-0584-7
10.1007/s00466-020-01967-2
10.1007/s00466-020-01967-2
http://eudml.org/doc/234443
http://eudml.org/doc/234443
10.1002/NME.1620361207
10.1007/s00466-023-02339-2
10.1007/s00466-023-02339-2
10.1016/0045-7825(90)90094-3

	Introduction
	Shell Kinematics and Finite Element Formulation
	Numerical Example
	Conclusions

