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Abstract. This work presents a computational methodology for calibrating hyperelastic models using the Python programming language and based on the strain energy theory, with a focus on the Generalized Hyperbolic Sine (GHS) strain measures. The objective is to provide a flexible and accessible framework for identifying material parameters from experimental stress-strain data through nonlinear optimization. The constitutive model obtained from GHS measures allows an accurate representation of the nonlinear behavior of soft materials, offering versatility in the choice of constitutive equations and suitability for various deformation modes. The strain
energy function is tailored to capture the material response under uniaxial, biaxial or shear conditions, with parameters calibrated using the scipy.optimize.minimize function from the SciPy library, using the methods: Broyden-Fletcher-Goldfarb-Shanno (BFGS), Nelder-Mead, Powell, Truncated Newton (TNC) and Sequential Least SQuares Programming (SLSQP). Analytical stress values are compared with experimental data, and the error between the two datasets is minimized iteratively until convergence is achieved, considering minimum squared error. Data are used as Excel spreadsheets or Python lists, facilitating manipulation. To validate the methodology, a rubber soft material was analyzed, i.e. a vulcanized rubber. The application shows that the method can work with different levels of strains (moderate to large, both in compression and tension), allowing precise matching of complex models to experimental data. 
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Introduction
Understanding the mechanical behavior of hyperelastic materials, such as polymers, foams, and biological tissues, is fundamental for accurate modeling and simulation in computational engineering. These materials are typically subjected to large strains, making linear elasticity inadequate. To capture their nonlinear responses, hyperelastic models based on strain energy functions (SEF) are widely employed. 
The most common approach to building SEF’s is to use stretches and invariants to define mathematical expressions that relate stress and strain, there is, to define the hyperelastic model. Another path is to select alternative/modified definitions of strain measure and use them, with their conjugated stress measures, in the context of Hooke’s law. The later approach, which generates what are known as Hookean-type models, will be the focus of the present work.
Specifically, this article will study the Generalized Hyperbolic Sine (GHS) strain family introduced in Peixoto [1] and numerically implemented by Vasconcellos [2], a family of SEF’s that uses a simple normalized hyperbolic sine function, with the addition of just one material parameter to the well-known Young’s modulus and Poisson’s parameter, to reach a relevant versatility.  
The current paper presents a computational methodology for calibrating hyperelastic models using the Python programming language and nonlinear optimization tools. The method is based on minimizing the squared error between experimental stress-strain data and the analytical response obtained from energy-based constitutive models. The calibration focuses on both axial extension and simple shear modes using stress definitions from continuum mechanics and equations implemented with the scipy.optimize.minimize function, using following otmization methods: Broyden-Fletcher-Goldfarb-Shanno (BFGS) [3], Nelder-Mead [4], Powell [5], Truncated Newton (TNC) [6] and Sequential Least SQuares Programming (SLSQP) [7].
Theoretical Background
The modeling and the calibration of hyperelastic materials under finite deformation require a rigorous theoretical framework to describe the stress-strain relationship in different configurations. Among the most significant elements in such formulations are the strain energy functions and the choice of stress and strain measures. This section introduces the theoretical foundation used for calibrating Hookean-type hyperelastic models based on the Generalized Hyperbolic Sine (GHS) strain measures, with focus on the principal pure deformation mode of uniaxial extension.
Stress measures in large deformation regime
In the context of finite deformations, the use of appropriate stress measures is crucial for model consistency and numerical implementation. The Nominal stress tensor is defined in the reference configuration and directly relates to the experimentally measured forces divided by the original area, representing the stress state with respect to the undeformed geometry.
Pure Deformation Modes
To investigate physical consistency and calibrate constitutive models, pure deformation modes are often employed. In this work, uniaxial extension is used as an example, representing an idealized loading scenario that isolates specific material responses and allows for analytical derivation of stress expressions based on the strain energy functions and selected strain measures.
1.1.1 Uniaxial extension
In uniaxial extension, deformation occurs mainly along one axis while lateral contractions are governed by Poisson's effect. The analytical equation begins with a definition of the stretch ratio () in the loading direction and the corresponding deformation gradient is diagonal. The Nominal stress () can be expressed as a function of the strain measure and its derivative, as shown in Peixoto [1], and here the final expression for the GHS strain family, as presented in the same reference, is given below:

  	                        	(1)
 				(2)

where  is a parameter associated with the choice of which Seth-Hill strain measure is used as argument for the GHS family and  is a parameter associated with strain-stretch curve curvature.
Different definitions of stress are used depending on the context. One common definition is the Nominal stress (P), associated with a specific interpretation and suitable for particular types of analyses and applications. The choice of P influences the formulation of the analytical study of the pure deformation modes, highlighting the need to always use energetically conjugated pairs of strain and stress in Hooke’s law, since their combination ensures that the derived constitutive equations are thermodynamically consistent.
Brief description of optimization methods used in data-fitting
The methodology is based on the calibration of each material constitutive model using four material parameters. For the GHS modeling, the calibration parameters are Young modulus (), Poisson ratio (), degree of symmetry between tension and compression () and the curvature of strain-stretch curve (). Calibration results in the development of new Hookean-type constitutive laws based on the Generalized Hyperbolic Sine (GHS) strain measure, suitable for modeling soft materials.
The chosen optimization methods used in this study are:
a) Broyden-Fletcher-Goldfarb-Shanno (BFGS): a method based on calculating the gradient of the objective function to be minimized. If the gradient is not provided by the user, it is estimated using first differences. The BFGS method typically requires fewer function calls than the simplex algorithm, even when the gradient needs to be estimated.
b) Nelder-Mead: is a method based on the minimization of scalar function of one or more variables based on the Simplex algorithm. This algorithm is robust in many applications. However, if numerical computation of derivative can be trusted, other algorithms using the first and/or second derivatives information might be preferred for their better performance in general.
c) Powell: is a method based on the minimization of scalar function of one or more variables based on a conjugate direction of sequential one-dimensional minimizations along each vector of the directions field, updated at each iteration of the main minimization loop.
d) Truncated Newton (TNC): is a method based on the calculation of Newton conjugate gradient that seeks to obtain an approximation to the local Hessian matrix. It is used to minimize a scalar function of one or more variables.
e) Sequential Least SQuares Programming (SLSQP): is a minimization method that works with constraints on an objective function containing equality and inequality constraints. The SLSQP method is capable of handling both linear and nonlinear constraints.
Numerical application
A rubber material is calibrated in this section, considering Nominal stress. The freeware PlotDigitizer [8] was used to acquire experimental data from reference [9] considering 84 experimental points.
Vulcanized rubber under uniaxial compression and tension
The application is related to a vulcanized rubber under uniaxial compression () and tension (), tested by Yeoh and Fleming [9]. The developed Python allows the definition of Poisson ratio (setted to 0.499). The best optimization method was Nelder-Mead for Nominal stress calibration and Powell for Cauchy stress calibration. Data-fitting curves ares presented in Figures 1 and 2. Obtained parameters are presented in Table 1.
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Figure 1. Data-fitting for vulcanized rubber under uniaxial compression and tension (Nominal stress)
Table 1. Coefficients in constitutive relations
	Parameter
	Nominal Stress

	 [MPa]
	

	
	0.499

	
	

	
	

	Method
	Nelder-Mead

	Total error
	3.2965867708513876


Conclusions
The implemented data-fitting methodology was able to calibrate appropriately a soft material exhibiting moderate to large deformations. The uniaxial pure deformation mode was calibrated considering Nominal stress. Regarding the choice of the type of stress to be calibrated (Cauchy or Nominal), it will depend on the type of acquisition performed during the experimental test (generally done with the Nominal stress). For the considered application, the method that presented the smallest quadratic error was Nelder–Mead.
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