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Abstract. We use high-order moment approximations within the moment representation lattice Boltzmann method
(MR-LBM) to simulate lid-driven cavity (LDC) flows, assessing the performance of D3Q27 velocity stencil. Nu-
merical experiments were conducted for Reynolds numbers ranging from 3,200 to 10,000 as part of the validation
process. The MR-LBM implementation utilizes a regularized formulation of the lattice Boltzmann equation com-
bined with the Bhatnagar-Gross-Krook (BGK) collision operator. Particle populations are reconstructed based
on moments of the distribution function, with third and fourth-order moments approximated through lower-order
moment relationships. This approach enables extended regularization up to fourth-order terms, significantly en-
hancing numerical stability and accuracy without compromising computational efficiency. Additionally, the in-
compressible regularized boundary condition (IRBC) was adopted. The systematic expansion of the distribution
function to arbitrary orders was facilitated by Hermite polynomials, which provided a recursive framework for
computing high-order terms. Consequently, the developed LBM framework accurately captured flow features at
high Reynolds numbers. Leveraging the explicit nature of LBM equations allowed straightforward and efficient
implementation on graphics processing units (GPUs), enabling highly accurate large-scale simulations with fine
grid resolutions. Mean and root mean square (RMS) velocity profiles from the simulations demonstrated good
agreement with experimental data from the literature. Building upon this validation, the methodology was ex-
tended to higher Reynolds numbers—specifically 10,000, 15,000, and 50,000—highlighting the robustness and
versatility of the proposed MR-LBM approach across a wide range of complex flow conditions.

Keywords: Lattice Boltzmann Method, High-order Regularization, Lid-driven Cavity, High-Reynolds numbers
flows.

1 Introduction

The lattice Boltzmann method (LBM) has emerged as a widely adopted numerical approach for accurately
simulating fluid flows. This method models flow dynamics through the time evolution of microscopic velocities,
utilizing lattice stencils to represent the probability of particle interactions among neighboring lattice nodes. Since
collisions are solely responsible for altering the velocity distribution function, a collision model is employed to
capture this mechanism. The most commonly used model is the Bhatnagar–Gross–Krook (BGK) operator [1],
which is suitable for simulating weakly compressible flows but exhibits numerical instability at high Reynolds
numbers.

The lattice Boltzmann method (LBM) has undergone continuous development, with numerous advancements
introduced to improve boundary conditions, accuracy, and stability—particularly when employing the BGK op-
erator. Among these contributions, the moment representation lattice Boltzmann method (MR-LBM) stands out.
Initially proposed by [2], prior to the introduction of the regularized LBM, it gained broader recognition following
the work of [3]. The MR-LBM framework stores macroscopic moments rather than distribution function pop-
ulations, thereby reducing memory usage and enabling the collision step to be executed in moment space. The
regularization procedure, which enhances accuracy and stability in the hydrodynamic regime, was first introduced
by [4] and later refined by [3].

In addition to the regularization procedure and moment representation, boundary condition formulations offer
further opportunities for improvement. Hegele Jr et al. [5] proposed the regularized boundary condition (RBC)
for Dirichlet-type problems, which employs second-order moments to analytically solve a system of equations,
thereby improving stability at high Reynolds numbers. Building upon this approach, Ferrari et al. [6] introduced
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the incompressible regularized boundary condition (IRBC), which incorporates the incompressibility constraint
(∇ · u = 0) and reduces the number of unknown second-order moments, further enhancing the stability of the
method.

Despite previous advancements, Malaspinas [7] introduced a high-order LBM scheme that enhances both
stability and accuracy. This formulation is grounded in the observation that the velocity distribution function
can be expressed recursively, enabling the reconstruction of non-equilibrium moments of the Boltzmann–BGK
equation at arbitrary order using only lower-order moments.

This work presents a high-order MR-LBM framework, incorporating terms up to the fourth order, for sim-
ulating high Reynolds number flows using a D3Q27 lattice stencil and the incompressible regularized boundary
condition (IRBC) for Dirichlet-type boundaries. The choice of the D3Q27 stencil in this work is motivated by the
fact that, within the discrete Boltzmann framework, the D3Q19 stencil does not preserve Hermite orthogonality.
This limitation may lead to artifacts in the simulation, since the calculation of moments may incorrectly include
spurious contributions. For example, the summation

∑
i wiHxxy,iHyzz,i ̸= 0. Owing to the explicit nature of the

LBM equations, graphics processing units (GPUs) have recently been adopted to facilitate efficient and straight-
forward implementations. Accordingly, an in-house GPU-based solver was developed, integrating all the LBM
enhancements discussed above, to simulate high Reynolds number regimes within the lid-driven cavity (LDC)
configuration.

2 Mathematical Modeling

The lattice Boltzmann method (LBM) is a discrete kinetic model based on the evolution of particle distribution
functions. The lattice evolution is governed by the following expression:

fi (r+ ci∆t, t+∆t) = f
(eq)
i (r, t) +

(
1− ∆t

τ

)
f̂
(neq)
i (r, t) , (1)

where r, ci, and t denote the position, discrete microscopic velocity, and time, respectively, in lattice units [8, 9]. In
the present formulation, the distribution function is regularized using macroscopic moments, which include local
density, momentum, and second-order moments [4]:

{ρ, ρuα, ρm
(2)
αβ} =

∑
i

gi{1, ciα, ciαciβ − δαβ/a
2
s}, (2)

where δαβ is the Kronecker delta, as =
√
3 is a scaling parameter, and gi refers to either the raw distribution fi

or the regularized distribution f̂i. Combined with the regularization procedure, the moment representation LBM
(MR-LBM) employs the regularized distribution function defined as:

f̂N
i = ρwi

(
1 + a2suαciα +

1

2
a2sm

(2)
αβH

(2)
αβ,i +

N∑
n=3

1

b!
ansm

(n)
α H

(n)
α,i

)
, (3)

where ρ is the fluid density, uα is the macroscopic velocity, m(2)
αβ denotes the second-order moment, and N specifies

the chosen order of approximation. The terms wi are the lattice weights, ciα are the discrete velocity components,
and H

(2)
αβ = ciα ciβ − δαβ/a

2
s denotes the second-order Hermite polynomial.

After the population reconstruction, the streaming step is applied:

fi(x+ ci∆t, t+∆t) = f∗
i (x, t), (4)

where f∗
i refers to the post-collision distribution function.

The collision step is performed in moment space using the Bhatnagar–Gross–Krook (BGK) operator [1],
which updates the distribution function according to:

f∗
i = f̂ i+ ω(fi(eq) − f̂i), (5)

where ω represents the relaxation frequency. The relationship between ω and the kinematic viscosity ν is given
by:

ω =

(
a2sν +

∆t

2

)−1

. (6)

The collision step modifies the velocity distribution function, guiding the system toward local equilibrium.
After this step, the non-equilibrium moments are recalculated, and the regularization procedure is reapplied to

CILAMCE-2025
Proceedings of the XLVI Ibero-Latin-American Congress on Computational Methods in Engineering, ABMEC
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preserve consistency and enhance numerical stability.

f̂i (r, t) = f
(eq)
i (r, t) + f̂

(neq)
i (r, t) . (7)

The definition of the non-equilibrium distribution function is crucial for implementing the high-order scheme,
as this work adopts the method proposed by Malaspinas [7]. This approach defines a recursive formulation that
expresses higher-order moments as functions of second-order moments, while preserving accuracy and even im-
proving the computational stability of the method.

A key advantage of this technique is its strong compatibility with the moment representation framework, as
it does not require the storage of additional moments in memory, resulting in a lightweight and more efficient
implementation. The moments can be expressed as:

a
(n)
1,α1...αn

= a
(n−1)
1,α1...αn−1

uαn +
(
uα1 ...uαn−2a

(2)
1,αn−1αn

+ perm (αn)
)
, (8)

where a(n)1 represents the non-equilibrium moments of order n, and perm(αn) denotes all permutations of the term
in the αn coordinate, as described by Malaspinas [7].

3 Validation

The validation procedure is conducted by solving the lid-driven cavity (LDC) benchmark for two Reynolds
number regimes: Re = 3, 200 and Re = 10, 000. Multiple mesh resolutions are employed to assess both grid
convergence and the ability of high-order schemes to accurately capture high Reynolds number flows on coarse
grids.

Centerline mean velocity profiles are compared with the experimental data reported by Prasad and Koseff
[10]. The lid velocity is set to Ulid = 0.0256 lattice units per time step (lu/ts), and simulations are run up to
t∗ = 500, where t∗ = tUlid/L.

The first parameter used to validate the model is the total kinetic energy per unit mass, defined as E∗
k =∑

(uαuα) /2L
3U2

lid, with results presented in Figure 1.
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Figure 1. Temporal evolution of total kinetic energy E∗
k for various grid sizes and orders. (Left) Re = 3,200.

(Right) Re = 10,000

As observed, the total kinetic energy decreases with increasing Reynolds number—an expected behavior that
has been previously reported in the literature. Ferrari et al. [6] attributed this trend to the presence of more coherent
structures within the cavity at lower Reynolds numbers, which help maintain higher kinetic energy and a thicker
boundary layer along the lid surface.

Another important aspect of the validation process involves the grid convergence analysis. Total kinetic
energy also offers valuable insights in this context, as increasing the grid resolution leads to a convergence of the
E∗

k curves. As grid size increases, these curves tend to collapse onto one another, indicating that the numerical
schemes are consistently capturing the same complex flow features within the cavity.

This behavior is evident in the proximity of the curves for L = 128 and L = 256, suggesting that further
refinement (e.g., L = 512) would likely result in even closer agreement. Still referring to Figure 1, for the high
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Reynolds number case, the energy curves are noticeably more dispersed compared to the lower Reynolds case,
indicating that even finer grids may be required to accurately resolve such flows.

The second part of the validation consists of evaluating the L2 error associated with the total kinetic energy,
E∗

k , using the following equation:

E∗
L2 =

√
(Et,b − Et,s)

2

E2
t,b

, (9)

where Et,b is the total kinetic energy of the reference benchmark (e.g., the highest resolution available L = 512),
and Et,s is the total kinetic energy of a given resolution.

Since turbulent flows require the analysis of variables in a statistically stationary state—where the properties
exhibit minimal variation over time—the L2 norm was evaluated within the interval t∗ = 300 to t∗ = 500, thereby
avoiding the effects of the initial impulsive start of the flow.

Tables 1 and 2 present the L2 error results for different scheme orders and grid resolutions, across both
Reynolds number regimes.

Table 1. E∗
L2 for Re = 3,200

L/Order 32 64 128 256

2nd order 41.67% 16.03% 6.12% 2.06%
3rd order 40.52% 14.97% 6.53% 1.64%
4th order 40.51% 15.27% 5.89% 1.29%

Table 2. E∗
L2 for Re = 10,000

L/Order 32 64 128 256

2nd order 101.86% 43.14% 12.87% 3.35%
3rd order 95.99% 37.27% 13.22% 4.51%
4th order 95.63% 39.91% 12.21% 4.58%

Coarser grids were intentionally selected to stress the model, despite not yielding fully accurate results. As
shown in Tables 1 and 2, high-order schemes produced slightly lower errors on coarser grids. However, in some
cases, higher-order schemes resulted in greater relative errors compared to the second-order scheme—for instance,
the third-order scheme with L = 128 for both Re = 3, 200 and Re = 10, 000, and the third- and fourth-order
schemes with L = 256 for Re = 10, 000. Two possible explanations for this behavior are proposed.

The first explanation concerns the range of resolvable frequencies during the time-averaging period. Execut-
ing the time-averaging operation at a higher frequency (i.e., at every time step) could improve the convergence of
the time-averaged solution, as a higher sampling frequency increases the upper cutoff frequency that can be cap-
tured by the averaging process. Additionally, extending the total sampling period would improve the representation
of low-frequency components, since the duration over which time averaging is performed determines the lowest
frequency that can be reliably resolved.

The second explanation concerns the benchmark used to evaluate the total kinetic energy results. The refer-
ence solution was obtained using a second-order scheme with a high-resolution grid of L = 512. Although grid
refinement reduces numerical errors for all approximation orders, a more appropriate comparison would involve
generating reference solutions at L = 512 for each scheme individually—i.e., computing results at L = 512 for
both third- and fourth-order schemes and comparing them accordingly.

The last part of the validation presents the mean centerline and RMS velocity profiles for both Reynolds
regimes and higher-order schemes. Figure 2 shows the mean centerline velocity profiles for Re = 3,200 and
Re = 10,000, using a grid resolution of L = 64. Each numerical scheme is represented by different markers and
line styles.

For the case of Re = 3,200, the second- and third-order schemes produce similar results at the bottom and
right (impingement) walls, whereas the fourth-order scheme shows a small deviation from both the lower-order
schemes and the experimental data. At the bottom wall, the second- and third-order approximations closely match
the experimental results, while at the impingement wall the opposite occurs—only the fourth-order scheme aligns
better with the experimental comparison.

A different trend is observed for the higher Reynolds number case of Re = 10,000. At the bottom and left
walls of the LDC, the higher-order schemes better approximate the expected results. However, at the impingement
wall, they exhibit a slightly larger deviation from the experimental data.

Figure 3 illustrates the RMS velocity profiles along the centerlines in the x and y directions at z∗ = 0.5
(red and blue lines), where z∗ = z/Lz , as well as the cross-product of velocity fluctuations, u′

xu
′
y (green lines).

All results were obtained using a grid resolution of L = 64 to challenge the performance of the model. In order
to separately assess the behavior on coarser grids and to better visualize the differences between approximation
orders under reduced resolution, the results for Re = 10,000 obtained with the finest grid (L = 256) are presented
in the results section.
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Figure 2. Mean velocity profiles for Re = 3,200 (left) and Re = 10,000 (right) at the centerlines using different
orders and a L = 64 grid resolution.

As previously discussed for the mean velocity profiles, the inset zooms within the figure highlight the ability
of higher-order schemes to capture steep gradients near the walls at higher Reynolds numbers. For the lower
Reynolds number case, the second-order scheme outperforms both the third- and fourth-order approximations
across all walls. Conversely, as the Reynolds number increases, higher-order schemes tend to capture the steeper
gradients more accurately.
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Figure 3. RMS profiles (red and blue) and cross products of velocities profiles (green), along the x and y coordi-
nates at z∗ = 0.5, for Re = 3,200 (left) and Re = 10,000 (right) and L = 64 grid resolution.

4 Results

The results presented correspond to higher Reynolds numbers of Re = 15,000 and Re = 50,000. For these
cases, no experimental data are available for direct comparison. However, since the L = 256 grid resolution
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Vitória, Brazil, November 24-27, 2025



GPU-Accelerated High-Order Regularized Lattice Boltzmann Simulations of Lid-Driven Cavity Flows

yielded excellent agreement with experimental results for the Re = 10,000 case, it was adopted to compute the
final results at higher Reynolds numbers.

Both mean centerline velocity profiles and RMS profiles were analyzed. Figure 4 shows the results for
Re = 10,000, where experimental comparison is still possible. The mean velocity profiles demonstrate excellent
agreement with the reference data, with all numerical schemes—regardless of order—performing similarly well in
this case.

For the RMS and cross-product velocity profiles, the higher-order schemes exhibited superior performance
near the walls, where steeper gradients are typically found. This behavior was observed not only for higher
Reynolds numbers using coarser grids, but also with refined resolutions, reinforcing the suitability of high-order
schemes for accurately resolving complex near-wall regions.

The results for Re = 15,000 are presented in Figure 5. Unlike the Re = 10,000 case, the solutions obtained
using different order schemes show noticeable discrepancies in specific regions of the LDC, particularly near the
bottom and right (impingement) walls. This suggests that the selected grid resolution may not be sufficiently fine
to accurately resolve the flow at such a high Reynolds number.

A similar pattern is observed in the RMS and cross-product velocity profiles. As previously discussed, higher-
order schemes are generally more effective at capturing near-wall behavior; however, in this case, the second-order
scheme appears to perform comparably—or even slightly better—than the third- and fourth-order schemes.

This outcome may be attributed to the increased flow complexity at higher Reynolds numbers, where more
intense turbulence and sharper gradients are expected to occur.
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Figure 4. Mean velocity profiles (left) and RMS velocity profiles (right), for Re = 10,000 at the centerlines using
different orders and L = 256 grid resolution.

The final set of results corresponds to the Re = 50,000 flow. Given the discrepancies observed among the
different approximation orders for the mean velocity profiles at Re = 15,000 (Figure 5), similar behavior was
expected at this higher Reynolds number. However, as shown in Figure 6, the results obtained with the various
approximation orders collapse onto one another. This outcome may be attributed to the L = 256 grid resolution
being insufficient to fully resolve the flow at this regime, or to the relatively short time-averaging interval used.

On the other hand, consistent with findings from Hegele Jr et al. [5] and Ferrari et al. [6], an increase in
Reynolds number leads to a reduction in the minimum peak of ux near the bottom wall—a feature captured by all
schemes, regardless of order.

The RMS components and cross-products of velocity fluctuations also showed very similar results across the
different approximation orders, with only minor differences observed near the bottom and right walls. As noted
in Hegele Jr et al. [5], a transitional behavior occurs beyond Re = 20,000, altering the velocity profiles in near-
wall regions—an effect also confirmed in Ferrari et al. [6]. The central region of the LDC continues to exhibit
the lowest levels of velocity fluctuation. As previously pointed out by Bouffanais et al. [11], the experimental data
were reported without error bars, which prevents assessing whether the numerical results fall within the uncertainty
range of the experiments.
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Figure 5. Mean velocity profiles (left) and RMS velocity profiles (right), for Re = 15,000 at the centerlines using
different orders and L = 256 grid resolution.
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Figure 6. Mean velocity profiles (left) and RMS velocity profiles (right), for Re = 50,000 at the centerlines using
different orders and L = 256 grid resolution.

Finally, the mega lattice updates per second (MLUPS) metric was employed to evaluate the computational
performance of the proposed framework. The simulations were performed on an NVIDIA RTX 4090 GPU, using
single-precision floating-point arithmetic. For the higher Reynolds number regimes presented in this section (Re =
15,000 and Re = 50,000), and using the L = 256 grid resolution, the results for Re = 15,000 were 4,700, 4,691,
and 4,683 MLUPS for the second-, third-, and fourth-order schemes, respectively.

Similarly, for the Re = 50,000 case, performance remained consistent, yielding 4,623 (second-order), 4,705
(third-order), and 4,693 (fourth-order) MLUPS. These results indicate that the adoption of higher-order schemes
within the proposed approach did not lead to any significant degradation in computational efficiency. Although the
MR-LBM achieves higher performance overall, the D3Q27 stencil involves a larger velocity set, which inherently
reduces efficiency compared to the D3Q19 stencil.
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5 Conclusions

This study presented a numerical investigation of the three-dimensional lid-driven cavity (LDC) benchmark
using the moment representation lattice Boltzmann method (MR-LBM), with an emphasis on high-order schemes,
including up to fourth-order approximations. The in-house code was developed to run on CUDA-based GPU
architectures, enabling accurate and efficient computations.

The results were validated against the experimental data of Prasad and Koseff [10], showing excellent agree-
ment for Reynolds numbers up to 10,000. Grid convergence analysis, supported by the L2 norm, confirmed that the
error decreased monotonically across all approximation orders. In most cases, the higher-order schemes yielded
lower error percentages.

The use of high-order schemes proved effective in capturing steep near-wall gradients in high Reynolds num-
ber flows, producing robust and reliable results. Furthermore, performance evaluation using mega lattice updates
per second (MLUPS) indicated that higher-order approximations do not significantly impact computational effi-
ciency, supporting their applicability in complex flow regimes. The proposed methodology demonstrated enhanced
accuracy for high Reynolds number flows, without compromising computational performance.
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