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Abstract. This study addresses the nonlinear vibrations of partially fluid-filled clamped-free cylindrical shells
subjected to two harmonic excitations: a harmonic lateral point load and a harmonic base excitation. The fluid is
considered incompressible and inviscid, and the internal filling level is maintained partially filled to evaluate its
influence on the structural response. In such configurations, fluid-structure interaction becomes a critical aspect in
the design and performance of these structural systems. The shell is modeled using the nonlinear Sanders-Koiter
theory, with discretization based on the shell’s natural modes and the derivation of the governing equations through
the Lagrangian energy approach. To obtain the nonlinear dynamic equations, Hamilton’s principle is applied,
which are in turn solved by the fourth-order Runge-Kutta method. The displacement fields are expanded using
only trigonometric functions, ensuring the exact satisfaction of boundary conditions and promoting rapid modal
convergence. Five different modal expansions, ranging from 15 to 48 generalized coordinates, are employed to
investigate the convergence of the solution. The lowest natural frequency of the system is computed and compared
against analytical solutions reported in the literature. The results reveal that, depending on the shell’s geometric
parameters and the partial fluid level, different patterns of natural frequencies emerge along with complex nonlinear
dynamic behavior.
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1 Introduction

Due to their high capacity to withstand internal and external loads, circular cylindrical shells are widely
employed in various branches of engineering. Their dynamic behavior is of particular interest in applications in-
volving fluid–structure interaction, such as water reservoirs, pipelines, and fluid transport systems. The literature
contains numerous studies on the linear and nonlinear analysis of simply supported cylindrical shells; however,
investigations involving clamped-free boundary conditions are relatively limited. While the linear vibrations of
clamped-free cylindrical shells have been addressed in earlier works Warburton and Higgs [1], Sharma [2], Tot-
tenham and Shimizu [3], studies focusing on their nonlinear vibrations remain scarce. Among the most notable
contributions is the experimental research by Chiba [4, 5], who analyzed the nonlinear free vibrations of polyester
shells. Similarly, Kurylov and Amabili [6] investigated the nonlinear forced vibrations of clamped-free cylindrical
shells using Chebyshev polynomials to represent the displacement fields. More recently, Montes [7] examined
both free and forced vibrations in cylindrical shells with internal and external fluid. A major challenge in these
studies is the proper selection of modal expansions to discretize the displacement field, particularly in nonlinear
analysis. In the present work, the nonlinear vibrations of clamped-free cylindrical shells are studied, considering
the presence of partially filled internal fluid. The structures are subjected to two types of dynamic excitation: a
concentrated harmonic lateral load applied at midspan, and a harmonic base excitation. The nonlinear shell theory
of Koiter–Sanders is adopted to model the shell behavior, and the Rayleigh–Ritz method is employed to derive a
set of nonlinear dynamic equations. These equations are then solved using the fourth-order Runge–Kutta method.
To accurately capture modal coupling effects, a modal expansion with fifteen degrees of freedom is considered in
the axial, radial, and circumferential directions.
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2 Mathematical Formulation

Consider a perfect clamped-free elastic cylindrical shell with radius R, thickness h, length L, density ρ,
Young’s modulus E, and Poisson’s ratio ν, subjected to a harmonic base excitation Ag(t) = y0 cos(ωbt) and a
radial harmonic load P (t) = f̃ cos(ωbt) acting at a height of L/2, as illustrated in Fig. 1, where y0 is the amplitude
of the base displacement and f̃ is the amplitude of the lateral point load applied to the shell. The displacement
field of the middle surface of the shell consists of axial u(x, θ, t), circumferential v(x, θ, t), and radial w(x, θ, t)
components, where x and θ are the axial and circumferential coordinates, and t denotes time. The shell is partially
filled with an incompressible fluid of density ρf , reaching a height Hi from the base of the cylinder.

Figure 1. Geometry and coordinates of cylindrical shell

The strain relations of the cylindrical shell can be written as εx = εx,0 + zκx, εθ = εθ,0 + zκθ, γxθ =
γxθ,0+zκxθ, where z is the distance of the arbitrary point of the shell from the middle surface. The middle surface
strain–displacement relations, changes of curvature and torsion according to Sanders–Koiter nonlinear shell theory
are given by:
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The elastic strain energy, neglecting σz for plane stress, is given by:
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where stress–strain relations are given by:

σx =
E

1− ν2
(εx + νεθ), σθ =

E

1− ν2
(εθ + νεx), τxθ =

E

2(1 + ν)
γxθ (6)

The kinetic energy, considering only translational inertia, is given by:
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The work of external forces is:
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where δ and Hf are the Dirac and Heaviside functions, respectively, and pHi is the hydrodynamic pressure. The
funcion pHi is defined as:
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where ρf is the fluid density, n is the number of circumferential waves of the cylindrical shell, and In and In−1

are the modified Bessel functions of the first kind. Finally, the work of nonconservative forces is:
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where c is the viscous damping coefficient. The field displacements can be expanded as:
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where m is the axial wave number, n is the circumferential wave number, subscript c refers to companion mode.
The boundary conditions of a clamped-free cylindrical shell are given by:
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u = v = w =
∂w

∂x
= 0 at x = 0, Nx = Nxθ +

Mxθ

R
= Mx = Qx +
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R∂θ
= 0 at x = L (14)

Substituting the field displacements of Eq. (10) into Eq. (14), the set of nonlinear equations of dynamic equilibrium
can be obtained:
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where qi = [U1,0, U2,0, . . . , U1,n, U2,n, . . . , V1,0, V2,0, . . . , V1,n, V2,n, . . . ,W1,0,W2,0, . . . ,W1,n,W2,n, . . .].

3 Numerical Results.

A clamped-free cylindrical shell geometry, with Young’s modulus E = 4.65 × 109 N/m2, density ρ =
1400 kg/m3, and Poisson’s ratio ν = 0.38 was considered. Table 1 presents the selected shell geometry, as
well as the corresponding L/R and R/h ratios. First, in order to obtain the natural frequency, a linear free
vibrations analysis was performed considering the following field displacements (without companion mode) u =
(1, 0)+(2, 0)+(3, 0)+· · ·+(1, n)+(2, n)+(3, n)+· · · , v = (1, 0)+(2, 0)+(3, 0)+· · ·+(1, n)+(2, n)+(3, n)+· · ·
and w = (1, 0) + (2, 0) + (3, 0) + · · ·+ (1, n) + (2, n) + (3, n) + · · · . Table 1 also shows the natural frequency
and corresponding m,n for the shell.

Table 1. Geometric and dynamic properties of the clamped-free cylindrical shells

L (m) R (m) h (mm) L/R R/h ω0 (rad/s) (m,n)

0.48 0.24 0.254 2.0 944 190.125 (1,7)

For the nonlinear analysis of the shell, the correct displacement fields that exhibit coupling and modal inter-
action with softening behavior must be considered. For this purpose, five displacement fields without considering
the companion mode were selected and are shown in Table 2. As can be seen, displacement fields with fifteen,
seventeen, eighteen, nineteen, and forty-three degrees of freedom were selected, containing symmetrical and ax-
isymmetrical modes.

In Fig. 2, the normalized frequency–amplitude curves for the cylindrical shell, obtained with each modal
expansion, are presented. All curves exhibit softening behavior. To determine which expansion best reproduces
the nonlinear response, they were compared with the experimental results of Chiba [4, 5]. From this comparison,
expansion 15a is identified as the closest match to the experimental data, and will therefore be employed in the
nonlinear vibration analysis both with and without fluid.

Now, the nonlinear forced vibration analysis is considered. In this case, the shell is subjected only to a lateral
harmonic point load P (t), applied at the mid-span of the structure, acting when x = L/2, without internal fluid.
A viscous damping coefficient of ζ = 0.001 is adopted for the analysis. A nondimensional excitation in lateral
direction f̃ is introducing , witch is related to the dimensional force excitation by f1 = f̃/miω

2
0h, ω0 where is the

fundamental natural frequency in rad/s and mi is the modal mass of the shell.
First, Fig. 3(a) shows the nonlinear resonance curves obtained for increasing values of the lateral point load.

As observed, the response remains almost linear for low excitation levels, with well-defined resonance peaks
around the system’s natural frequency. Now, when the load amplitude is increased, the shell displays typical
softening behavior with a jump for large values of load amplitude.

Next, by extending the modal combination 15 with an additional companion mode, we evaluate how this
extra degree of freedom alters the nonlinear dynamics. The new terms is W(1,n,c) h(t), are added to the original
15 expansion to form the enriched basis.

Consequently, Fig. 3(b) displays the resonance curves for progressively larger vibration amplitudes. When
comparing the resonance curves of Fig. 3(a) and Fig. 3(b), it is possible to see that curves there is not significative
changes on the nonlinear dynamic response of the shell.

To analyze the nonlinear dynamic response of the empty shell subjected to a harmonic base excitation Ag(t),
Fig. 4. The result were obtained using the modal combination 15 plus companion mode, previously identified as
exhibiting softening-type nonlinear behavior.
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Table 2. Expansões modais para o campo de deslocamentos w, u e v

Expansão Modal Expansion

15 w = W(1,n) h(t) +W(1,2n) h(t) +W(2,2n) h(t) +W(1,0) h(t) +W(2,0) h(t) +W(3,0) h(t)

u = U(1,n) h(t) + U(1,2n) h(t) + U(2,2n) h(t) + U(1,0) h(t) + U(2,0) h(t) + U(3,0) h(t)

v = V(1,n) h(t) + V(1,2n) h(t) + V(1,3n) h(t)

17 w = W(1,n) h(t) +W(1,2n) h(t) +W(2,2n) h(t) +W(1,0) h(t) +W(2,0) h(t) +W(3,0) h(t)

+W(4,0) h(t)

u = U(1,n) h(t) + U(1,2n) h(t) + U(2,2n) h(t) + U(1,0) h(t) + U(2,0) h(t) + U(3,0) h(t)

+U(4,0) h(t)

v = V(1,n) h(t) + V(1,2n) h(t) + V(1,3n) h(t)

18 w = W(1,n) h(t) +W(1,2n) h(t) +W(2,n) h(t) +W(2,2n) h(t) +W(1,0) h(t) +W(2,0) h(t)

+W(3,0) h(t)

u = U(1,n) h(t) + U(1,2n) h(t) + U(2,n) h(t) + U(2,2n) h(t) + U(1,0) h(t) + U(2,0) h(t)

+U(3,0) h(t)

v = V(1,n) h(t) + V(1,2n) h(t) + V(2,n) h(t) + V(2,2n) h(t)

19 w = W(1,n) h(t) +W(1,2n) h(t) +W(2,2n) h(t) +W(1,0) h(t) +W(2,0) h(t) +W(3,0) h(t)

+W(4,0) h(t) +W(5,0) h(t)

u = U(1,n) h(t) + U(1,2n) h(t) + U(2,2n) h(t) + U(1,0) h(t) + U(2,0) h(t) + U(3,0) h(t)

+U(4,0) h(t) + U(5,0) h(t)

v = V(1,n) h(t) + V(1,2n) h(t) + V(1,3n) h(t)

43 w = W(1,n) h(t) +W(1,2n) h(t) +W(1,3n) h(t) +W(2,n) h(t) +W(2,2n) h(t) +W(3,n) h(t)

+W(3,2n) h(t) +W(1,0) h(t) + · · ·+W(11,0) h(t)

u = U(1,n) h(t) + U(1,2n) h(t) + U(1,3n) h(t) + U(2,n) h(t) + U(2,2n) h(t) + U(3,n) h(t)

+U(3,2n) h(t) + U(1,0) h(t) + · · ·+ U(11,0) h(t)

v = V(1,n) h(t) + V(1,2n) h(t) + V(1,3n) h(t) + V(2,n) h(t) + V(2,2n) h(t) + V(3,n) h(t)

+V(3,0) h(t)

All curves were obtained varying the amplitude y0 ranging from 0.002 to 0.020 m. First, in Fig. 4(a), the
resonance curve of the empty shell is displayed, and as can be seen, for small values of base displacement, the
shell shows almost linear behavior but, if the base amplitude is increased, the resonance curves shows softening
behavior with a jump at larger base displacement value. Under this condition, the resonance curve already displays
nonlinear effects, including a shift of the peak toward lower frequencies, which is characteristic of softening
behavior. These results indicate that, even without internal fluid, the structure exhibits significant nonlinearities
under stronger base excitations, mainly due to modal coupling and geometric interactions captured by the selected
modal combination.

Finally, Fig. 4(b) presents the nonlinear resonance curve of shell,now considering the presence of internal
fluid with height Hi = 0.25L. The fluid has a density of ρf = 1000 kg/m3. The analysis was carried out using the
same values of base displacement amplitude as in the previous case. Compared to the empty shell configuration, it
can be clearly observed that the presence of fluid causes a shifting to the left the system’s natural frequency. The
linear analysis shows that the fundamental mode has n = 7 circumferential waves and its natural frequency is ω0

= 179.734 rad/s.
This frequency shift indicates a significant influence of the fluid-structure interaction on the dynamic behavior

of the shell. While the qualitative behavior of the resonance curve still exhibits softening characteristics, the
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Figure 2. Frequency-amplitude relations of empty clamped cylindrical shell for selected field displacement expan-
sions.

(a) (b)

Figure 3. Nonlinear resonance curves of empty clamped cylindrical shell for lateral harmoinic load

resonance peak is displaced, highlighting the reduction of the fundamental natural frequency due to the added
inertia and coupling introduced by the fluid. These results reinforce the importance of accounting for internal fluid
effects when evaluating the nonlinear dynamic response of partially filled cylindrical shells.
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(a) (b)

Figure 4. Nonlinear resonance curves for increasing base amplitude displacement. a) Empty shell and b) Partially
fluid-filled shell.

4 Conclusions

In this work, the free and forced nonlinear vibrations of emptuy and partially fluid-filled clamped-free cylin-
drical shell are investigated under two independent excitations: a lateral point harmonic load and a harmonic base
displacement. The Koiter–Sanders nonlinear shell theory is applied to obtain the strain energy, and the displace-
ment fields are described using a double trigonometric series in both longitudinal and circumferential directions,
satisfying the natural boundary conditions.

A convergence study was performed based on five selected modal combinations to identify the set of dis-
placement fields capable of reproducing softening behavior in the frequency–amplitude curves. As a result, a
configuration with 15 degrees of freedom was chosen due to its computational efficiency and its ability to generate
nonlinear resonance curves in good agreement with experimental results presented by Chiba [4, 5]. In order to
account for fluid–structure interaction effects, an additional accompanying mode was introduced.

The resonance curves were obtained for increasing values of each excitation applied separately. When the
internal fluid occupies 25% of the shell’s total length, the nonlinear dynamic response exhibits a clear shiffting in
the natural frequencies of the system, indicating the influence of the added mass and inertia introduced by the fluid.
The results highlight the importance of accounting for the presence of internal fluid in the accurate prediction of
the nonlinear dynamic behavior of cylindrical shells.
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